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Let 0 c C, 0 # @ be an open set with simply connected components. For a 
function cp which is holomorphic on 0, three new types of cluster sets are 
introduced; the classical cluster sets with values in 6 are replaced by certain cluster 
sets with values in function spaces. We deal with the construction of holomorphic 
functions cp on 0 such that cp and all its derivatives and antiderivatives have 
maximal cluster sets of any of these. types at any boundary point of 0 
(“holomorphic monsters”). It is also shown that the family of all holomorphic 
monsters is a dense subset in the space of all holomorphic functions on 0 
established with a natural metric. 0 1988 Academic Press Inc. 
1. INTRODUCTION 
1.1. Motivation: Classical Cluster Sets 
Let G c C be a domain, suppose that [ is a boundary point of G and let 
the function rp be holomorphic on G. The classical cluster set S(cp, G, [) is 
defined as the set of all numbers WE c for which a sequence of points 
{z”jns N exists, having the following properties 
z,EGforallnEN; Z” --+ L f(Z”) + w for n+co. 
It is clear that S(q, G, [) is always a nonempty subset of e and if, e.g., { is 
an essential singularity of cp then the corresponding cluster set is maximal; 
i.e., we have S(cp, G, i) = c. 
There is an extensive literature on the field of cluster sets. A summary of 
the classical results can bc found in [22]. In this paper we deal with several 
new types of modilied cluster sets and the construction of holomorphic 
functions having maximal cluster sets. Our results give good insight into 
the boundary behaviour as well as into the approximation properties of 
holomorphic functions. 
One might ask the following question. What is the behaviour of the 
holomorphic function rp in the domain G near the boundary point { if the 
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sequence {zn} occurring above is made slightly dependent on a variable z? 
To be precise: we shall investigate the behaviour of the sequence of 
functions cp(a,z+ b,), where z belongs to a certain subset S of C (to be 
specified later) and a,z + b, E G for all z E S and all n E N; a, + 0, b, --f [ for 
n+cg. 
The same question arises if we consider, instead of a domain G, a more 
general open set 0 t @ and a holomorphic function cp on 0 (which means 
that the restriction of cp to any component of 0 is holomorphic on this 
component). 
It is natural to ask if there are functions cp on open sets 0 c @ and 
functions f on sets S c C such that f can be approximated by the values of 
cp near a boundary point [E 88 in the sense that 
lim cp(u,z + b,) =f(z) 
n-cc 
holds pointwise or uniformly or almost everywhere on S. 
1.2. Notations 
Let S c @ be any set. By H(S) we denote the family of all functions 
which are holomorphic on S, whereas A(S) consists of all functions which 
are continuous on S and holomorphic in the interior S of S. If S is a 
Lebesgue-measurable set in C then we denote by p(S) its 2-dimensional 
(Lebesgue-) measure and by M(S) the family of all (Lebesgue-) measurable 
functions on S. 
Let (fn} be a sequence of functions, defined on a set S. If it converges 
uniformly on S to a function f, we use the notation f,(z) =P~ f(z). The 
sequence will be called compactly convergent on S to f (notation 
f,(z) ~&f(Z)) ‘f ‘t 1 1 converges to f uniformly on every compact subset of S. 
Finally we writefJz) -y f(z) if it converges almost everywhere tof on S. 
Suppose that the functionf is holomorphic on an open set 0 c C having 
simply connected components. If j E N,, we denote as usual by f(j) the 
derivative off with order j. If -jE N we use the abbreviation f(j) for an 
(arbitrary but fixed) antiderivative off with order -j; i.e., we have for all 
ZEU 
-p(z) =f(z). 
Any other antiderivatives off with order -j differs from f(j) on each com- 
ponent of 0 by a certain polynomial of degree less than -j. 
1.3. Modified Cluster Sets 
Let us now define three types of cluster sets. The classical cluster sets 
with values in c are replaced by certain cluster sets with values in function 
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spaces. We always assume that 0 c @ is an open set, that the function cp is 
holomorphic on 0 and that [ is a boundary point of 8. 
Cluster sets of type 1. Suppose B c @ is a compact set. By S(cp, 0, [, B) 
we denote the set of all functions f: B + C for which there exist sequences 
bJne N and WnaN such that a,z+b,EO for all ZEB and all nrzN; 
a, + 0, b, -+ [ for n + co and 
da,z+bJ -f(z) for n-, co. 
B 
It is clear that S(cp, 0, [, B) is .a subset of A(B). 
Cluster sets of type 2. Suppose U c C is an open set. By R(cp, 0, 5, U) 
we denote the set of all functions f: U -+ C for which there exist sequences 
such that a,z+b,EO for all ZEU and all HEN; 
cpkz -t U Tf (4 for n-co. 
It is clear that R(rp, 0, [, U) is a subset of H(U). 
Cluster sets of type 3. Suppose SC @ is a measurable set. By 
T(cp, 0, i, S) we denote the set of all functions f: S+ c for which there 
exist sequences {a,},EN and {bn}ncN such that a,z+b,,EO for all ZES 
andallnEN;a,--,O,b,-+~forn+coand 
dw+U “T *f(z) for n-+co. 
It is clear that T(cp, Co, [, S) is a subset of M(S). 
Assume that 0 = G, G # @, is a simply connected domain. Then in [ 181 
a “universal” function cp E H(G) has been constructed such that 
S(cp, G, [, B) = A(B) holds for all c E cYG and all compact sets B with 
connected complement; i.e., the cluster sets of type 1 for cp in this domain G 
are maximal for all c E aG and all those B. Kanatnikov [ 121 extended this 
result in a certain direction for meromorphic functions and several 
modified cluster sets. 
The problems of the existence of “universal” functions and their 
correspondence with the “universal approximation” of functions are 
classical; cf. [19] where further references are given. In recent papers the 
problem of universal approximation has been investigated by 
Voronin [34] who proved that Riemann’s c-function has a remarkable 
approximation property; extensions and variants of this result are 
due to Reich [25, 261 and Gavrilov and Kanatnikov [lo]. Universal 
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approximation via overconvergence of power series has been studied by 
Chui and Parnes [3], Luh [14, 153, Tomm and Trautner [33]. In some 
works universal approximation related with problems in summability 
theory has been investigated by Luh [16], Luh and Trautner [17], 
Faulstich and Luh [7], Faulstich, Luh and Tomm [6]. 
In this paper we deal with the construction of function rp, holomorphic 
on open sets 0 c C with simply connected components, such that rp and all 
its derivatives and all its antiderivatives have maximal cluster sets of 
types 1, 2, and 3 at any boundary point of 6 (Thoerem 4). The basic tools 
for the construction of such “holomorphic monsters” are the 
approximation theorems of Runge and Mergelyan (and it seems to us that 
the use of these results is a powerful method for the construction of 
holomorphic functions with prescribed boundary behaviour, cf. Gaier [8; 
Chap. IV, Section 51 and Schneider [28]). We shall show (Theorem 5) that 
the family of all holomorphic monsters is a dense subset in the space H(O), 
established with a natural metric. 
2. FUNCTIONS WITH MAXIMAL CLUSTER SETS 
2.1. The Main Results 
We first consider a simply connected domain G # C and prove the 
existence of a universal holomorphic function on G which has maximal 
cluster sets of type 1. 
THEOREM 1. Let G c C, G # C be a simply connected domain. Then there 
exists a function cp E H(G) with the following properties. For all 5 E aG, for 
all compact sets B with connected complement and for all derivatives q(j) 
(Jo N,) and all antiderivatives q(j) (-jc N) we have 
S(cp”‘, G, 5, B) = A(B). 
Proof 1. Without loss of generality we may assume that 
D := (z: IzI cl} cG. Let {<(k)}kEN be a sequence of boundary-points of 
G which is dense in aG. 
We choose a sequence of Jordan domains {G,},, N having the proper- 
ties that for all n E N the boundary dG, is rectifiable (its length is denoted 
by L,) that G, c G, + i c G and that for any compact set Kc G there exists 
an n, = no(K) E N such that Kc G, for all n > n,. 
For each j E Z and each k E N we can find a sequence (.z~‘J)},,~ N with 
lim, + m ZpJ = l(k) for all jo Z and all k E N such that for fixed n and 
k = 1, . . . . n; j= 0, + 1, ) 2, . . . . +-n the points zLkJ belong to G, + ,\G, and 
are pairwise disjoint. 
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Next we choose for any n E N a real number r, E (0, l/n) so small that for 
k=l , . . . . n and j= 0, f 1, + 2, . . . . +n the closed disks 
Dkk*j) := {z : ( z - zkk,j) ( < rn) 
are pairwise disjoint and that 
D,:= u DjlkJ’tG,+,\G,. 
k = 1, ._., n 
j=o, +I. . . . . fn 
Obviously D, is a compact set and its complement is connected. We define 
do := 1, d,, := min{dist(D,, aG,+ ,), dist(G,, aG,+ r), 1) (2.1) 
and 
2n(d,- ,)2n (r,)‘” 
(2n - l)! L,n2’ (2n)! 2’““, (2.2) 
2. Let lQn(4LN be the sequence of polynomials whose coefficients 
have rational real- and imaginary-parts. For k = 1, . . . . n and j= 0, +_ 1, 
+2 - +n denote by I$!j)(w) a polynomial with the property 5 .a., - 
(2.3) 
Next we construct a sequence of polynomials D,(w). Let D,(w) E 0 and 
assume that for an n E N the polynomials 17,(w), . . . . Z7,_ I(w) have already 
been determined and suppose that 0, _ ,(w) is any polynomial satisfying 
P”- l(W) = zz,- l(W). 
By Runge’s approximation theorem we can find a polynomial D,(w) with 
the following properties: for k = 1, . . . . n and j= 0, + 1, . . . . +n we have 
max II7 (w)-Fk~j)(w)( <E 
@) n n n, n 
(2.4) 
my I~,(~)-fi,-~(w)I <En. 
n 
Now we define 
and 
p (w) *= p(O)(w) :x ” . ” dw” n,(w) 
v(w) := f {P,(w) -p,- ,(w,>. 
tt=l 
(2.5) 
(2.6) 
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If w  E G, is fixed we obtain 
P,(w)-P”-,(w)=& (z-w)“+L ~“(z)-L(z)dz . 
We therefore get by (2.1), (2.2), and (2.5) for all n > 2 
max [P,(w)-P,-,(w)\ c-$. 
G ” I 
This estimation implies that the series (2.6) converges compactly on G and 
hence we have cp E H(G). 
3. Now let j be a fixed integer. We consider the functions 
Pb”( w  ) E 0, 
n+j 
P$‘(w) := & n,(w) (nE f+J), 
#)(w) := f (P?)(W) - P$jl ,(w)}. 
v=l 
(It follows easily that this series is compactly convergent on G.) If j> 0 
then q@(w) is the jth derivative of q(w) and if j<O then (p&j)(w) denotes 
an antiderivative of q(w) with order -j. Any other antiderivatives of order 
-j differ from q&J)(w) by a polynomial of degree less than -j. 
For fixed k E f+J and n E fV we compute 
= f  {Pvl ,(w) - p(w)} 
Y=n 
2n 
(n+1)r”4W-Z;k~j) 
and for v 3 n > 1 jl we obtain by (2.1), (2.2), (2.5) the following estimation 
max 
( w - zy < r,/2 
) Pt’i I(w) - W(w)l Y 
<max (v + 1 +A! . s 
n,.lwm4dz < 1 
4 2ni a3,+, (z-w)“+2+j (v + 1)2’ 
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and for n > I jl we get by (2.2), (2.3), and (2.4) 
max 
lH’--Zp’J<r”,2 
V(w) - Qn 
( 
(n $) r (w - ,y 
n ))I 
(n f j)! 
max - 1 1 ZZ,(2) - FkJJ(2) 1 = (H’ - p1 < rJ2 2ni ao;k.,, (z- ,)n;i+ 1 dz <n’ 
Summing up we obtain for n > ( j( 
(,:‘flr (w-zFJ) 
” 4 
<; 
or, equivalently, 
max I ( 
qb” rn(n + 1) 
IZI <nl(n+ 1) 2n 
z + zikJ - (In(z) <i. 
> I 
(2.7) 
4. Now let be given any 4’~ aG, any compact set B with connected 
complement, any function f E ,4(B) and any j E Z. We choose a real number 
R >, 1 such that 
B,:= 
The function fR with fR(z) :=f(Rz) belongs to A(B,) and hence by the 
theorem of Mergelyan there exists a sequence (nk}k. N of natural numbers 
with nk -+ cc for k + 00 and 
max I fAz) - Q,,(z)l < l/k BR 
(k = 1, 2, . ..). WV 
For sufficiently large k we have B, c {z: ) z ( < n,/(n, + 1) 1 and nk > 1 j I. 
The set of points zej) has the limit point i, so we can find sequences 
1PSL N and IkSlsE N with k, > s and 
lim zLF*‘) = [. 
s-cc * 
If we choose 
nk,+ 1 *b r 1 a, :=p.2.R, 
% 
b, I= ,k.j) 
6 
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we get Rag+ b,EG for ZE B,, a, + 0 (independent of j) and b, + 5 for 
s + co and by (2.7) and (2.8) we obtain 
rnBy I q@(Ra,z + b,) -f,Jz)l + 0 (s-+00) 
or, equivalently, 
cpY)(a,z + 6,) of (s + Co). 
5. If j>, 0 then we have C@(Z) = cp(j)(z) and our assertion follows. In 
case of j< 0 let any antiderivative cp”)(z) to q(z) of order -j be given. 
Then there exists a polynomial P(z) of degree less than -j such that 
(P(~)(Z) = &)(z) + P(Z) for all z E G. 
Let any compact set B with connected complement, any functon f~ A(B), 
and any boundary point c of G be given. 
If [ f CC we can choose sequences { as}se N and {b,},, N such that 
a,z+b,EG for all zEBand all HEN; a,+O, b,+[ for s+co and 
cpb”(v + b,) y-f(z) - P(5) (s + co). 
We therefore obtain 
cp’i’(asz + b,) of (s + co). 
If [ = co then we can find a sequence {cm>,,,. N with <,,, E: @, c,,, E aG, and 
5, + co for m + co. For any m E N there are sequences { a$mm’},, N and 
W’L N such that aLm)z + bi”) E G for all s E N and all z E B; aLm) -+ 0, 
bLm) -+ [,,, for s -+ CC and 
cpfj)(ai”Qz + b$)) yf(z) - P(5,) (s + co). 
We choose an integer s, > m so that the following conditions hold 
la$;)l<’ 
m’ 
Ib(m)-cmI <‘. +n m’ 
m;x I P(aiT)z + bi;)) - P(C,)( < f ; 
max ) rpg)(aj;)z + bi:)) -f(z) + I’([,)[ ~4. 
B 
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It follows that or, := CZ$~) --) 0, 8, := bj;) + [ = co, and by a simple 
estimation we get 
cp’%,z + am, y-f(Z) (m+co). 
Our theorem is proved. 
We next consider more generally an open set 0 #C with simply connec- 
ted components and prove by a simple application of Theorem 1 the 
existence of a universal holomorphic function on 0 which has maximal 
cluster sets of type 1. 
THEOREM 2. Let 8 c C, 0 # @ be an open set with simply connected com- 
ponents. Then there exists a function cp E H(U) with the following properties. 
For all [ E #I, for all compact sets B with connected complement and for all 
derivatives cp”’ (je N,) and all antiderivatives q(j) ( -jE IV) we have 
S(cp (j’, 8, {, B) = A(B). 
Proof: There exists a finite or countable set I such that 0 = uiS, Gi, 
where the Gi are pairwise disjoint simply connected domains in Cc. For any 
ie I we choose a function epic H(G,) with the properties as in Theorem 1. 
We define the functon cp E H(0) by q(z) := q,(z) if z E Gi and we shall show 
that cp has the required properties. To this end let there be given any [E X5’, 
any compact set B with connected complement, any function f E A(B), and 
any derivative q(j) (Jo N,) or any antiderivative q(j) (-Jo N). We have 
cp”)(z) = @j)(2) for ZEG~ (iEZ,jEZ). 
If j < 0 then cp!jJ is a suitable antiderivative with order -j of ‘pi on Gi. 
1. We first suppose that there exists an i,, E I such that [E aG,. Then 
by Theorem 1 there are sequences (a,} and {b,} (depending on [, B, J 
Q) such that a,z + b, E G, for all z E B and all n E N and the property 
rp”‘(a,z + b,) = rp!j)(a z + b ) 10 ” n ?;ff(z) (n --, 00). 
2. If i $ dGi for all ie Z then there must be a sequence { ik Ike N and 
boundary points ck E aG, with i;k E @ and ck + c for k -+ co. By Theorem 1 
we can choose for any k E N sequences {up)},, E N and { bik)} n E N (depending 
on ik, B, f, cp!j)) such that a, z 
akk)+O, bAk’-l: ck for n 
(k) + bCk)E G, for all z E B and all n E N, n 
+ co, and 
cp!j)(afk)z + bck)) ti f (z) ‘k n n B (n -+ co). 
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For fixed k~ N we can choose an integer nk >k such that the following 
conditions hold 
1 
(a(k)1 - 
nk < k’ 
max ) ~M(u(~)z + bck)) -f(z)1 <’ 
B lk nk 
nk k’ 
We therefore obtain CZ$ -+ 0, !$,t) -+ c for k + co and 
fp’j’(a~;‘z + b$)) Tf(Z) (k-,m) 
which proves our theorem. 
2.2. Cluster Sets of Types 2 and 3 
We first prove the following result. 
THEOREM 3. Let 0 c C, 0 #Q: be an open set with simply connected 
components and assume c E a0 is fixed. Suppose cp E H(0) satisfies 
S(cp, Co, i, B) = A(B) for all compact sets B with connected complement. Then 
the function cp has, moreover, the following properties: 
(1) For all open sets U = Q: with simply connected components we have 
WV, 0, L U) = H(U). 
(2) For all measurable sets S c @ we have T(q, 0, [, S) = M(S). 
Proof. 1. Let any open set UC @ with simply connected components 
and any function f~ H(U) be given. For an E > 0 we define N,(c) := 
{z: lz-51 <E} if [EC and N,(c) := {z: (z( > l/~} if C= co. There exists a 
finite or countable set J such that U = Uj. J Uj, where the Uj (j E J) are 
pairwise disjoint simply connected domains in @. For any Uj we can 
choose an exhausting sequence of Jordan domains { U,,}, E N such that 
qc Uj,n+l c Uj for all n E N and that any compact subset of Uj is 
contained in U, for all sufficiently large n. The sets 
are compact and have a connected complement. We have f E A( K,). Given 
n E N, then by the assumptions made on the function cp we can choose 
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sequences ~~~~~~ N and {&I,, N with [a,( < l/n, b,E U,,,(c) for all nE N 
such that a,z+b,EO for all ZEK,, nEN(, and 
mz I dw + b,) -f(z)1 ct. (2.9) 
It follows by this construction that q(a,z + 6,) sUf(z) and assertion (1) is 
proved. 
2. Now let any measurable S c C and any function g E M(S) be 
given. The function 
f(z):={g(zJ ;; 1;; 
is measurable on @ and it suffices to approximate f almost everywhere 
on @. 
Let there be given an n E N and define D, := {z: (21 -K n}. Suppose that 
the function fn is defined on D, by f,(z) :=f(z) if f(z) # co and by f,(z) 
:= n if f (z) = co. According to Lusin’s theorem there exists a measurable set 
L, c D,, with p(b,\L,) 6 l/2”+’ and a continuous function g, on L, with 
g,(z) =f*(z) for all z E L,. The set L,* := {z: z E L,, Re(z) $ Cl, Im(z) $ Q} 
has empty interior and satisfies p(L,*) = p(L,). 
We may choose a compact set M, c L,* such that 
AL,*\MJ <A. (2.10) 
There exists a finite or countable set J,, of natural numbers such that 
4 = Uj.J” G;), where the G, (i) denote the components of e. For any 
j E J,, choose a point zl;‘) E Gc) and suppose 
z(i) := T(i) . &‘) n ” where r(j) > 0, 0(j) E R n II . 
Now consider the sets 
HP):= 
1 1 
z=peie:2r~J)<pc2n; )9--O;)) c,~.~,,+~+~ 
1 > 
c 
K,, := I&u u (G;)u Hc)) ; 
isJn 
K, is a compact set with connected complement and, since K,, c M, c L:, 
the interior of K,, is empty. We have 
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and hence we obtain with (2.10) 
P(R\K) G ml\u + A~,*\~,) + PW,\K”) 
1 1 1 1 (2.11) 
< -- 
2”+++++n+2-2”. 
By the assumptions made on the function cp we can choose sequences 
{anIne N and ULL N with 1 c(, I< l/n, fi, E N,,,(c) for all n E N such that 
a,z + b, E 0 for all z E K,,, n E N, and 
max I da2 + IL) -f,(z)1 <i. 
& 
(2.12) 
Consider the set K := U,“= 1 (7?= n Kk. Using (2.11) we compute 
G& 
and therefore we get -- 
p(C\K) = lim p(B,\K) = 0. 
n--rcc 
Hence our assertion will follow if we can prove that 
cp(w + BJ -+f(z) forall ZEK and n-cc. 
Suppose z E K is given, then we can choose an no such that z E K,, for all 
n > no. If f(z) # 00 we obtain for all n B no by (2.12) 
I cp(a,z + BJ -fWl G mp I cp(w + PJ -f&N ct. 
If f(z) = co we obtain for all n 2 no by (2.12) 
I cp(v + BJI 2 n - I da,z + 8,) -fn(z)l 
Bn-max Icp(a,z+jIJ-fn(z)l >n--i. 
& 
This proves assertion (2). 
Combining Therem 2 and Theorem 3 we obtain as a simple corollary the 
following result. 
THEOREM 4. Let 0 c @, 0 # @ be an open set with simply connected 
components. Then there exists a function cp E H(O) with the following proper- 
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ties. For all [ E 80 all derivatives q(j) (je N,) and all antiderivatives cp”’ 
(-je N) satisfy: 
(1) S(cp(j’, 0, c, B) = A(B) for all compact sets B with connected com- 
plement; 
(2) R(cp”‘, 0, {, U) = H(U) for all open sets U with simply connected 
components; 
(3) Wj’, 0, [, S) = M(S) for all measurable sets S. 
Clearly the cluster sets which occur in (l)-(3) are maximal and the 
assumptions made on B, U, S, respectively, cannot be weakened. 
The function cp, constructed in Theorem 2 has-roughly speaking-the 
property that all functions which belong to certain natural spaces can be 
approximated by the values of cp or any derivative or any antiderivative 
near any boundary point of 0. We therefore give the following definition. 
DEFINITION. Let 0 c C, LO # @ be an open set with simply connected 
components. Any function which has the same properties as the function cp 
in Theorem 2 is called a holomorphic monster on 0. The set of all 
holomorphic monsters on 0 is denoted by m(0). 
3. m(O) AS A SUBSET OF H(B) 
We now deal with the question whether it might be considered as a 
“normal” feature that a holomorphic function is a holomorphic monster. In 
other words, we ask if m(0) is a “big” subset of H(O). To this end a certain 
natural metric in H(0) is introduced such that H(0) becomes a complete 
metric space. We will show that m(O) is dense in H(0). 
3.1. The Metric Space H(0) 
Let 0 c C, 8 # @ be as usual an open set with simply connected com- 
ponents and let Z= { 1, 2, . . . . } be a finite or countable set such that 
where the Gi are pairwise disjoint simply connected components. For any 
iEZ let {Gin}neN be an exhausting sequence of Jordan domains with 
Gi,cGi,n+l c Gi for all n and the property that a compact subset of Gi is 
contained in G, for all sufficiently large n. Then the sets 
U,, := u G, (nEf+JO 
isl 
i<n 
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form an exhausting sequence for the open set 0. Let cp be a function which 
belongs to H(O). For n E N we define 
4h) := mix I &)I 3 
n 
and if S, g E H(U) we define their distance by 
4L g) := 4f- iT)- (3.1) 
It follows (compare [4; Chap. VII J) that the space H(O) established with 
the metric (3.1) is a complete metric space. For a sequence of functions 
fkcH(LO) andfEH(O) we have lim,,, d&,f)=O if and only if {f&z)) 
converges compactly toy(z) on 0. This shows that d is a natural metric in 
H(0), which is induced by the compact convergence. 
We now compare the subset m(0) with H(0) and prove the following 
result. 
THEOREM 5. Let 0 t C, 0 # C be an open set with simply connected com- 
ponents. Then the set m(O) of holomorphic monsters is dense in H(O). 
Proof. Let be given any function f E H(O) and any E > 0. We have to 
show that there exists a fuction cp E m(O) with d(f, cp) < E. 
1. By Theorem 2 we have m(0) # 0. We choose an arbitrary 
q,,~m(O). A simple argument shows that lim,,, d(tqo) =0 and hence we 
can choose 6 > 0 so that d(Sq,) -C 42. 
2. According to Runge’s approximation theorem there exists a 
sequence WJke N of polynomials with P,Jz) a0 f (z), hence we can 
choose a polynomial P with d(P, f) c s/2. If we consider the function q(z) 
:= 6&z) + P(z) we obtain 
and it remains to show that ~0 E m(0). 
To this end let be given any [E 80, any compact set B with connected 
complement, any g E A(B) and Jo h. On the open set 0 denote by pp”’ the 
derivative of cp with order j if jE No or an (arbitrary but fixed) 
antiderivative of cp with order -j if -j E N. If -j E N let P(j) be a fixed 
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antiderivative with order -j of the polynomial P on C (and hence on 0) 
and choose the antiderivative CJ#) of cp on 0 so that we have 
(p”‘(z) = G&)(z) + P(j)(z) for 2~0. 
Suppose first that i # co. Then by the properties of cpO there exist 
sequences {anlnE N and {6,},, N with a, -+ 0, b, + c for n--f co such that 
a,z+b,EO for all ZEB, HEN, and 
&‘(a,,z + b,) 7 bg(z) -f P(j)(lJ (n + co). 
It follows q”‘(a,z + 6,) =sBg(z) for n -+ co. 
Suppose that [ = co and choose a sequence {c,},, N with c,,, E @, 
i,,, E 80, [,,, + co for m + co. For any m E N there are sequences {a!,m)}ne N 
and {bf”)),, N with aim) --) 0, him) + i, for n + co such that af”)z + him) E 0 
for all zEB, n~fV(, and 
rp~)(a~m)z + him)) 7 f g(z) - f . P(j)(c,J (n-rco). 
For any me N we can choose an integer n, > m so that the following 
conditions hold: 
Cm’ 1 lanm I-=-, ,b’“)-[,, <’ m hII m’ 
max 1 P”‘(aL;)z + 6;:)) - Pci)(cm)l <k, 
B 
m;x ) q@(ai;)z + 6:;)) - f g(z) + f P”‘(i,)l <i. 
It follows tl, := ai;) + 0, /I, :=b!,z)+[=co for m-co, and 
cp”‘(%Z + 8,) 7 g(z) for m-rco. 
This proves our theorem. 
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